Improved binary four point subdivision scheme and new corner cutting scheme  by Siddiqi, Shahid S. & Rehan, Kashif
Computers and Mathematics with Applications 59 (2010) 2647–2657
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Improved binary four point subdivision scheme and new corner
cutting scheme
Shahid S. Siddiqi ∗, Kashif Rehan
Department of Mathematics, University of the Punjab, Lahore 54590, Pakistan
a r t i c l e i n f o
Article history:
Received 25 August 2009
Received in revised form 14 January 2010
Accepted 14 January 2010
Keywords:
Binary
Ternary
Approximating subdivision scheme
Convergence and smoothness
Mask
Laurent polynomial
a b s t r a c t
A binary 4-point approximating subdivision scheme, presented by Siddiqi and Ahmad
(2006) [9], has been improved by introducing a global tension parameter. An improved
form of the scheme generates a family of Cn, n = 1, 2, 3, 4 limiting curves for certain
range of global tension parameter and a C5 limiting curve for a fixed value. Also a new
corner cutting subdivision scheme has been proposed which generates a limiting curve of
C1 continuity. The Laurent polynomial method has been used to investigate the order of
the derivative continuity of both subdivision schemes. The performance of the subdivision
schemes has been exposed by considering examples and compared with the existing
schemes.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Subdivision schemes suggest a uniform and efficient way to compute smooth curves and surfaces from a discrete set of
control points. These methods are very useful for the creation of curves and surfaces in Computer Aided Geometric Design.
In the recent years, subdivisionmethods have become an integral part of CAGD due to their wide applications inmany fields
such as engineering, medical science, computer science and image processing etc.
Classical work in subdivision done by de Rham [1], a Frenchmathematician, who presented the recursively corner cutting
piecewise linear approximation to obtain a smooth curve. After his work, Chaikin [2] developed another recursively corner
cutting piecewise linear approximation method to create a smooth curve. Both these schemes are very useful in CAGD for
the construction of approximating smooth curves.
Hassan and Dodgson [3] presented a binary 3-point approximating schemewhich generates a C3 limiting curve, and also
introduced a ternary 3-point approximating schemewhich generates a C2 limiting curve and a ternary 3-point interpolatory
scheme which gives a C1 limiting curve. Siddiqi and Ahmad [4] developed a binary 3-point approximating scheme that
generates a C2 limiting curve with support on [−3, 2]. Zheng et al. [5] analyzed the fractal property of a ternary 3-point
interpolatory subdivision scheme, introduced by Hassan and Dodgson [3], with two parameters. Siddiqi and Rehan [6]
recently introduced a ternary 3-point approximating subdivision scheme that gives a C2 limiting curve. Examples considered
in the paper indicate that the scheme developed by Siddiqi and Rehan [6] behaves better than that proposed by Hassan and
Dodgson [3].
Dyn et al. [7] presented a binary 4-point approximating subdivision scheme that generates a C2 limiting curve with
support on [−4, 3] and is close to being interpolatory. Zhang et al. [8] developed another binary 4-point approximating
subdivision scheme which generates a limiting curve of C3 continuity with the help of weights. Siddiqi and Ahmad [9]
introduced a binary 4-point approximating subdivision scheme which gives a C4 limiting curve with support on [−4, 3].
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Deslauriers and Dubuc [10] suggested a binary 4-point interpolatory subdivision scheme which generates a C1 limiting
curve using the polynomial reproducing property.
Dyn et al. [11] introduced the general form of a binary 4-point interpolatory subdivision scheme, independently, with the
help of a tension parameter which gives a C1 limiting curve. Kuijt et al. [12] examined the convexity preserving properties
of the 4-point interpolatory subdivision scheme of Dyn et al. [11] which also generates C1 limit functions. Yoon et al. [13]
developed a new ternary 4-point approximating subdivision scheme derived from a cubic polynomial interpolation which
generates C2 limiting curves. Hassan et al. [14] presented a ternary 4-point interpolatory subdivision schemewith a tension
parameter which gives a C2 continuous curve. Qu [15] introduced a local algorithm using the piecewise generalized conic
segments for a shape preserving curve interpolation.
A subdivision scheme for generating a curve or surface is defined as the limit of a refined control polygon or mesh,
according to some refining rules, recursively. In the subdivision scheme, when the same mask is used in each refinement
step then the scheme is called a stationary subdivision scheme. Each subdivision scheme is associated with a mask a = {ai},
i ∈ Z . The binary and ternary subdivision schemes are the process which recursively define a sequence of control points
f k = f ki , i ∈ Z by the rule of the form with mask a = {ai}, i ∈ Z
f k+1i =
∑
j∈Z
ai−njf kj , n = 2, 3,
which is formally denoted by f k+1 = Sf k = Skf 0. A subdivision scheme is said to be uniformly convergent if for every initial
data f 0 = {fi}, i ∈ Z , there is a continuous function f such that for any closed interval [a, b]
lim
k−→∞ supi∈Z∩nk[a,b]
|f ki − f (n−ki)| = 0, n = 2, 3.
Obviously f = S∞f 0 is considered to be a limit function of the subdivision scheme S. The important subdivision schemes for
applications should allow one to control the shape of the limiting curve and to be capable of generating the limiting curves
of different continuity widely used in computer graphics, image processing and CAGD etc.
Siddiqi and Ahmad [9] proposed a binary 4-point approximating subdivision scheme. The subdivision rules to refine the
control polygon are defined as
f k+12i =
1
384
f ki−1 +
121
384
f ki +
235
384
f ki+1 +
27
384
f ki+2,
f k+12i+1 =
27
384
f ki−1 +
235
384
f ki +
121
384
f ki+1 +
1
384
f ki+1.
The binary 4-point approximating subdivision scheme, proposed by Siddiqi and Ahamd [9], generates a limiting curve of C4
continuity.
In this paper, the limitation of the scheme [9] has been removed by introducing a global tension parameter which
generates a family of Cn, n = 1, 2, 3, 4 limiting curves for certain range of global tension parameter and a C5 limiting curve
for a fixed value of global tension parameter. The improved form of a binary 4-point approximating subdivision scheme is
defined as
f k+12i = (µ)f ki−1 +
(
5
16
+ µ
)
f ki +
(
5
8
− 5µ
)
f ki+1 +
(
1
16
+ 3µ
)
f ki+2,
f k+12i+1 =
(
1
16
+ 3µ
)
f ki−1 +
(
5
8
− 5µ
)
f ki +
(
5
16
+ µ
)
f ki+1 + (µ)f ki+2. (1.1)
A new ternary 2-point approximating subdivision scheme is presented using linear B-spline basis functions. The scheme is
defined as
f k+13i (w) = af ki + bf ki+1,
f k+13i+1(w) = af ki + bf ki+1,
f k+13i+2(w) = af ki + bf ki+1
where the mask a = (w) and b = (1− w). Now calculate the refinement rules onw = 16 ,w = 36 andw = 56 as
f k+13i
(
1
6
)
= 1
6
f ki +
5
6
f ki+1,
f k+13i+1
(
3
6
)
= 1
2
f ki +
1
2
f ki+1,
f k+13i+2
(
5
6
)
= 5
6
f ki +
1
6
f ki+1.
(1.2)
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This paper is organized as follows. Analysis of the improved binary 4-point subdivision scheme and ternary 2-point
approximating subdivision scheme is presented in Sections 2 and 3 respectively. In Section 4, the Hölder regularity of the
subdivision schemes is discussed. A comparison of the improved binary 4-point approximating subdivision scheme is shown
in Section 5. In Section 6, examples are considered to demonstrate the usefulness of the schemes. The conclusion is drawn
in Section 7.
2. Analysis of binary subdivision scheme
For the convergent subdivision scheme S, the corresponding mask {ai}, i ∈ Z necessarily satisfies∑
j∈Z
a2j =
∑
j∈Z
a2j+1 = 1. (2.1)
Introducing a symbol called the Laurent polynomial
a(z) =
∑
i∈Z
aiz i
of a mask {ai}, i ∈ Z with finite support. The corresponding symbols play an efficient role to analyze the convergence and
smoothness of a subdivision scheme.
With the symbol, Dyn et al. [16] provided a sufficient and necessary condition for a uniform convergent subdivision
scheme. A subdivision scheme S is uniform convergent if and only if there is an integer L ≥ 1, such that∥∥∥∥∥
(
1
2
S1
)L∥∥∥∥∥∞ < 1,
subdivision S1 with symbol a1(z) is related to S with symbol a(z), where a1(z) = 2z1+z a(z) and satisfying
df k = S1df k−1, k = 1, 2, . . . ,
where f k = Skf 0 and df k = {(df k)i = 2k(f ki+1 − f ki ) : i ∈ Z} and the norm ‖S‖∞ of a subdivision scheme S with a mask{ai}, i ∈ Z is defined by
‖S‖∞ = max
{∑
i∈Z
|a2i|,
∑
i∈Z
|a2i+1|
}
.
Theorem 1. The improved binary 4-point approximating subdivision scheme defined in Eq. (1.1) converges and has smoothness,
C1 for the range µ ∈]−371288 43288 [, C2 for the range µ ∈]−132 332 [, C3 for the range µ ∈]−164 364 [, C4 for the range µ ∈]0 132 [ and C5 for
µ = 164 .
Proof. Consider the refinement equation (1.1) and the Laurent polynomial a(z) for the mask of the scheme can be written
as
a(z) = (µ)z−4 +
(
1
16
+ 3µ
)
z−3 +
(
5
16
+ µ
)
z−2 +
(
5
8
− 5µ
)
z−1 +
(
5
8
− 5µ
)
+
(
5
16
+ µ
)
z1 +
(
1
16
+ 3µ
)
z2 + (µ)z3.
The Laurent polynomial method is used to prove the smoothness of the scheme to be C4. Letting
b[m,L](z) = 1
2L
a[L]m (z), m = 1, 2, . . . , L,
where
am(z) = 2z1+ z am−1(z) =
(
2z
1+ z
)m
a(z)
and
a[L]m (z) =
L−1∏
j=0
am(z2
j
).
With a choice ofm = 1 and L = 1, it can be written as
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b[1,1](z) = 1
21
a1(z) = (µ)z−3 +
(
1
16
+ 2µ
)
z−2 +
(
1
4
− µ
)
z−1 +
(
3
8
− 4µ
)
+
(
1
4
− µ
)
z1 +
(
1
16
+ 2µ
)
z2 + (µ)z3.
Since the norm of subdivision 12S1 is∥∥∥∥12S1
∥∥∥∥∞ = max
{∑
β
∣∣∣b[1,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max
{∣∣∣∣38 − 4µ
∣∣∣∣+ 2 ∣∣∣∣ 116 + 2µ
∣∣∣∣ , 2 ∣∣∣∣14 − µ
∣∣∣∣+ 2|µ|} < 1,
therefore S is convergent for the range of the tension parameter µ ∈]−18 38 [.
In order to prove that the scheme presented to be C1, a1(z) satisfies Eq. (2.1). So considering m = 2 and L = 1; the
Laurent polynomial gives
b[2,1](z) = 1
21
a2(z) = (2µ)z−2 +
(
1
8
+ 2µ
)
z−1 +
(
3
8
− 4µ
)
+
(
3
8
− 4µ
)
z1 +
(
1
8
+ 2µ
)
z2 + (2µ)z3.
Since the norm of subdivision 12S2 is∥∥∥∥12S2
∥∥∥∥∞ = max
{∑
β
∣∣∣b[2,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max
{∣∣∣∣38 − 4µ
∣∣∣∣+ ∣∣∣∣18 + 2µ
∣∣∣∣+ |2µ| , ∣∣∣∣38 − 4µ
∣∣∣∣+ ∣∣∣∣18 + 2µ
∣∣∣∣+ |2µ|} < 1,
therefore S ∈ C1 for the range of the tension parameter µ ∈]−37288 43288 [.
In order to prove that the scheme presented to be C2, a2(z) satisfies Eq. (2.1). So considering m = 3 and L = 1; the
Laurent polynomial gives
b[3,1](z) = 1
21
a3(z) = (4µ)z−1 + 14 +
(
1
2
− 8µ
)
z1 + 1
4
z2 + (4µ)z3.
Since the norm of subdivision 12S3 is∥∥∥∥12S3
∥∥∥∥∞ = max
{∑
β
∣∣∣b[3,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max
{
1
2
,
∣∣∣∣12 − 8µ
∣∣∣∣+ 2 |4µ|} < 1,
therefore S ∈ C2 for the range of the tension parameter µ ∈]−132 332 [.
In order to prove that the scheme presented to be C3, a3(z) satisfies Eq. (2.1). So for m = 4 and L = 1; the Laurent
polynomial gives
b[4,1](z) = 1
21
a4(z) = (8µ)+
(
1
2
− 8µ
)
z1 +
(
1
2
− 8µ
)
z2 + (8µ)z3.
Since the norm of the subdivision 12S4 is∥∥∥∥12S4
∥∥∥∥∞ = max
{∑
β
∣∣∣b[4,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max
{
|8µ| +
∣∣∣∣12 − 8µ
∣∣∣∣ , |8µ| + ∣∣∣∣12 − 8µ
∣∣∣∣} < 1,
therefore S ∈ C3 for the range of the tension parameter µ ∈]−164 364 [.
In order to prove that the scheme presented to be C4, a4(z) satisfy Eq. (2.1). So consider m = 5 and L = 1; the Laurent
polynomial gives
b[5,1](z) = 1
21
a5(z) = (16µ)z1 + (1− 32µ)z2 + (16µ)z3.
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Since the norm of the subdivision 12S5 is∥∥∥∥12S5
∥∥∥∥∞ = max
{∑
β
∣∣∣b[5,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max {|1− 32µ|, 2|16µ|} < 1,
therefore S ∈ C4 for the range of the tension parameter µ ∈]0 132 [.
In order to prove that the scheme presented to be C5, a5(z) satisfies Eq. (2.1), this gives µ = 164 . So considering m = 6
and L = 1; the Laurent polynomial gives
b[6,1](z) = 1
21
a6(z) = 12 z
2 + 1
2
z3.
Since the norm of the subdivision 12S6 is∥∥∥∥12S6
∥∥∥∥∞ = max
{∑
β
∣∣∣b[6,1]γ+2β ∣∣∣ : γ = 0, 1
}
= max
{
1
2
,
1
2
}
< 1,
therefore S ∈ C5 for the tension parameter µ = 164 . 
It is to be mentioned that for global tension parameter µ = 1384 , the improved binary 4-point subdivision scheme
coincides with the scheme developed by Siddiqi and Ahamd [9].
3. Analysis of a ternary subdivision scheme
For the convergent subdivision scheme S, the corresponding mask {ai}, i ∈ Z necessarily satisfies∑
j∈Z
a3j =
∑
j∈Z
a3j+1 =
∑
j∈Z
a3j+2 = 1. (3.1)
Introducing a symbol called the Laurent polynomial
a(z) =
∑
i∈Z
aiz i
of a mask {ai}, i ∈ Z with finite support. The corresponding symbols play an efficient role to analyze the convergence and
smoothness of the subdivision scheme.
With the symbol, Hassan et al. [14] provided a sufficient and necessary condition for a uniform convergent subdivision
scheme. A subdivision scheme S is uniform convergent if and only if there is an integer L ≥ 1, such that∥∥∥∥∥
(
1
3
S1
)L∥∥∥∥∥∞ < 1,
subdivision S1 with symbol a1(z) is related to S with symbol a(z), where a1(z) = 3z21+z+z2 a(z) and satisfying
df k = S1df k−1, k = 1, 2, . . . ,
where f k = Skf 0 and df k = {(df k)i = 3k(f ki+1 − f ki ) : i ∈ Z} and the norm ‖S‖∞ of a subdivision scheme S with a mask{ai}, i ∈ Z is defined by
‖S‖∞ = max
{∑
i∈Z
|a3i|,
∑
i∈Z
|a3i+1|,
∑
i∈Z
|a3i+2|
}
.
Theorem 2. The ternary 2-point approximating subdivision scheme defined in Eq. (1.2) converges and has smoothness C1.
Proof. Consider the refinement equation (1.2) and the Laurent polynomial a(z) for the mask of the scheme can be written
as
a(z) =
(
1
6
)
z−1 +
(
1
2
)
z0 +
(
5
6
)
z1 +
(
5
6
)
z2 +
(
1
2
)
z3 +
(
1
6
)
z4.
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Laurent polynomial method is used to prove the smoothness of the scheme to be C1. Taking
b[m,L](z) = 1
3L
a[L]m (z), m = 1, 2, . . . , L,
where
am(z) =
(
3z2
1+ z + z2
)
am−1(z) =
(
3z2
1+ z + z2
)m
a(z)
and
a[L]m (z) =
L−1∏
j=0
am(z3
j
).
With a choice ofm = 1 and L = 1, it can be written as
b[1,1](z) = 1
31
a1(z) =
(
1
6
)
z1 +
(
1
3
)
z2 +
(
1
3
)
z3 +
(
1
6
)
z4.
Since the norm of the subdivision 13S1 is∥∥∥∥13S1
∥∥∥∥∞ = max
{∑
β
∣∣∣b[1,1]γ+3β ∣∣∣ : γ = 0, 1, 2
}
= max
{
1
3
,
1
3
,
1
3
}
< 1,
therefore the subdivision scheme S is convergent.
In order to prove that the scheme developed is to be C1, considerm = 2 and L = 1; so the Laurent polynomial gives
b[2,1](z) = 1
31
a2(z) =
(
1
2
)
z3 +
(
1
2
)
z4.
Since the norm of the subdivision 13S2 is∥∥∥∥13S2
∥∥∥∥∞ = max
{∑
β
∣∣∣b[2,1]γ+3β ∣∣∣ : γ = 0, 1, 2
}
= max
{
1
2
,
1
2
, 0
}
< 1,
therefore the subdivision scheme S ∈ C1. 
4. Hölder regularity of the subdivision schemes
Theorem 1 implies that the continuity of an improved binary 4-point approximating subdivision scheme is C5. Based on
a generalized Rioul’s method [17], its highest smoothness can be found. The scheme has the Hölder regularity RH = 5+ vk
for all k ≥ 1, where vk is given by
2−kv
k =
∥∥∥∥∥
(
1
2
S6
)k∥∥∥∥∥∞ .
Following Rioul’s method [17], it is found that the Hölder exponent for the scheme is C6.
Similarly, Theorem 2 implies that the continuity of a ternary 2-point approximating subdivision scheme is C1. Based on
a generalized Rioul’s method [17], its highest smoothness can be found. The scheme has a Hölder regularity RH = 1+ vk for
all k ≥ 1, where vk is given by
3−kv
k =
∥∥∥∥∥
(
1
3
S2
)k∥∥∥∥∥∞ .
Following Rioul’s method [17], it is found that the Hölder exponent for the scheme is C1.630.
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Fig. 1. Comparison of subdivision results. Improved binary 4-point subdivision scheme generates C1 limiting curves for µ = −119 , µ = −124 , C2 limiting
curve for µ = −3128 , C3 limiting curve for µ = −1128 , C4 limiting curve for µ = 1384 and C5 limiting curve for µ = 164 .
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Fig. 2. Comparison of subdivision results. Improved binary 4-point subdivision scheme generates C1 limiting curves for µ = −119 , µ = −124 , C2 limiting
curve for µ = −3128 , C3 limiting curve for µ = −1128 , C4 limiting curve for µ = 1384 and C5 limiting curve for µ = 164 .
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Fig. 3. Dotted curve for Chaikin’s [2] scheme and continuous curve for a new corner cutting subdivision scheme.
5. Comparison of improved binary 4-point scheme
In Table 1, it has been shown that the four point approximating subdivision scheme, introduced byDyn et al. [7], generates
the limiting curves of C2 continuity. It has also been shown in the Table 1 that the four point approximating subdivision
scheme, presented by Zhang et al. [8], generates the limiting curves of C3 continuity. The four point approximating
subdivision scheme, proposed by Siddiqi and Ahmad [9], generates a limiting curve of C4 continuity only. Each new point,
generated by these 4-point approximating subdivision schemes, requires 4 multiplies and 3 adds: a total of 7 floating point
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Table 1
Comparison of the improved binary 4-point subdivision scheme.
Binary scheme Type Continuity Range
4-point [7] Approximating C2 w ∈]0 148 [
4-point [8] Approximating C3 w ∈]0 132 [
4-point [9] Approximating C4 For some particular value
Improved 4-point Approximating C1 µ ∈]−371288 43288 [
Improved 4-point Approximating C2 µ ∈]−132 332 [
Improved 4-point Approximating C3 µ ∈]−164 364 [
Improved 4-point Approximating C4 µ ∈]0 132 [
Improved 4-point Approximating C5 µ = 164
operations. On the other hand, the improved form of a binary 4-point approximating subdivision scheme requires the same
number of floating point operations but it generates a family of Cn, n = 1, 2, 3, 4 limiting curves an even wider range of
global tension parameter than those for the existing approximating subdivision schemes and also a C5 limiting curve for
some fixed value of a global tension parameter.
6. Examples
The beauty of the curve modeling lies in the higher derivative continuity of the subdivision scheme. Two examples have
been exposed to show the role of the global tension parameterµwhen the improved form of a binary 4-point approximating
subdivision scheme is applied on the discrete data points, as shown in Figs. 1 and 2. The limiting curve behaves as looseness
if the choice of global tension parameter is in the range of µ ∈]−37288 −2128 [. Similarly, the limiting curve tends to shrink inside
the closed polygonwhen the choice of the global tension parameter is in the range ofµ ∈ [ −2128 132 [. A geometrical comparison
of the subdivision schemes shown in Figs. 1 and 2, indicates that the improved binary 4-point approximating subdivision
scheme has more degrees of freedom with respect to the shape of curve.
In Fig. 3, three examples have been considered. The continuous curve represents the new corner cutting subdivision
schemeproposed in the paper and the dotted curve represents the scheme introduced by Chaikin’s [2] scheme. A comparison
of the proposed corner cutting scheme reveals that the limiting curve is closer to the original control polygon than the
limiting curve generated by Chaikin’s [2] scheme.
7. Conclusion
An improved form of the binary 4-point approximating subdivision scheme is presented using the global tension
parameter µ. The improved form of the scheme generates a family of C1 limiting curves for µ ∈]−371288 43288 [, C2 limiting
curves forµ ∈]−132 332 [, C3 limiting curves forµ ∈]−164 364 [, C4 limiting curves forµ ∈]0 132 [ and a C5 limiting curve forµ = 164 .
The improved form, comparatively, provides more control and flexibility for the geometric designers to construct different
requirements in applications. Also a new corner cutting subdivision scheme is proposed which generates a limiting curve of
C1 continuity. The subdivision schemes are analyzed using the Laurent polynomial method. It is evident from the examples
that the proposed subdivision schemes givemore degrees of freedom to showa considerable variation of shapes in geometric
designing.
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